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Colloïdal rollers

grows. When E0 decreases, the solid continuously shrinks
and eventually vanishes at a field value smaller than the
nucleation point. Note that varying E0 changes the speed of
the particles as well as their interactions. These microscopic
changes explain the variations of the packing fractions of
the two coexisting phases, which in turn account for the
variation of the domain sizes at fixed average density. The
asymmetric dynamics of LS=L0 demonstrates the existence
of a metastable region in the phase diagram. As shown in
Fig. 3(f), the metastability of the active solid results in the
hysteretic response of LS, the hallmark of a first-order
phase transition. We also note that the continuous inter-
facial melting observed when E0 smoothly decreases
contrasts with the response to a rapid field quench; see
Movie 6 of Supplemental Material [33]. Starting with a
stationary active solid, a rapid quench deep in the coex-
istence region results in a destabilization of the solid bulk
akin to a spinodal decomposition dynamics. Finally, as
illustrated in Movie 7 of Supplemental Material [33], when
repeating the same experiments in isotropic 6-mm-wide
circular chambers, we observe the same macroscopic phase
separation into active solids and polar liquids. This obser-
vation confirms that solidification is a bulk phenomenon
which does not rely on specific geometrical parameters.

Altogether these measurements and observations establish
that the emergence of active solids results from a first-order
phase separation, which we theoretically elucidate below.

IV. MOTILITY-INDUCED PHASE SEPARATION
IN HIGH-DENSITY POLAR FLOCKS

A. Nonlinear hydrodynamic theory

As a last experimental result, we show in Fig. 4(a) how
the roller speed ν0ðϕÞ varies with the local density ϕðr; tÞ
evaluated in square regions of size 12a ∼ 29 μm. These
measurements correspond to an experiment where a solid
jam coexists with a homogeneous polar liquid. ν0ðϕÞ hardly
varies at the smallest densities and sharply drops towards
ν0ðϕÞ ¼ 0 when the local fraction ϕðr; tÞ exceeds ∼0.35.
Although we cannot positively identify the microscopic
origin of this abrupt slowing-down, we detail a possible
explanation in Appendix A. Simply put, the lubrication
interactions between nearby colloids with collinear polar-
izations result in the reduction of their rotation rate, which
ultimately vanishes at contact: near-field hydrodynamic
interactions frustrate self-propulsion. Instead of elaborating
a microscopic theory specific to colloidal rollers as in
Ref. [10], we instead adopt a generic hydrodynamic
description to account for all our experimental findings.
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FIG. 3. Active solidification is a first-order phase separation. (a) Solid jams in a racetrack at ϕ0 ¼ 0.38, 0.58, 0.65. Increasing the
average packing fraction, the extent of the active solid increases. (b) Solid fraction plotted versus the average packing fraction ϕ0. Note
the discontinuous jump and the two possible states at the onset of solidification. (c) Density of the polar-liquid phase (blue circles) and of
the active-solid phase (red circles) plotted versus ϕ0. In steady state, the liquid density increases with ϕ0 until an active solid forms, the
density in both phases then remains constant. In (b) and (c) the shaded regions indicate the coexistence between the polar-liquid and
active-solid phases. (d) Coarsening dynamics. Two solid jams coexist only over a finite time period. The larger jam (filled symbols)
shrinks and eventually vanishes in favor of the smaller one (open symbols). The total fraction of solid phase in the racetrack (black line)
remains constant over time. (e) Solid fraction (blue line) and magnitude of the electric field (red line) plotted versus time. Over a range of
E0 values, the active-solid fraction is different when increasing or decreasing the electric field. (f) The extent of the traffic jam follows a
hysteresis loop when cycling the field amplitude.
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Emergent flow patterns?

4

FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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grows. When E0 decreases, the solid continuously shrinks
and eventually vanishes at a field value smaller than the
nucleation point. Note that varying E0 changes the speed of
the particles as well as their interactions. These microscopic
changes explain the variations of the packing fractions of
the two coexisting phases, which in turn account for the
variation of the domain sizes at fixed average density. The
asymmetric dynamics of LS=L0 demonstrates the existence
of a metastable region in the phase diagram. As shown in
Fig. 3(f), the metastability of the active solid results in the
hysteretic response of LS, the hallmark of a first-order
phase transition. We also note that the continuous inter-
facial melting observed when E0 smoothly decreases
contrasts with the response to a rapid field quench; see
Movie 6 of Supplemental Material [33]. Starting with a
stationary active solid, a rapid quench deep in the coex-
istence region results in a destabilization of the solid bulk
akin to a spinodal decomposition dynamics. Finally, as
illustrated in Movie 7 of Supplemental Material [33], when
repeating the same experiments in isotropic 6-mm-wide
circular chambers, we observe the same macroscopic phase
separation into active solids and polar liquids. This obser-
vation confirms that solidification is a bulk phenomenon
which does not rely on specific geometrical parameters.

Altogether these measurements and observations establish
that the emergence of active solids results from a first-order
phase separation, which we theoretically elucidate below.

IV. MOTILITY-INDUCED PHASE SEPARATION
IN HIGH-DENSITY POLAR FLOCKS

A. Nonlinear hydrodynamic theory

As a last experimental result, we show in Fig. 4(a) how
the roller speed ν0ðϕÞ varies with the local density ϕðr; tÞ
evaluated in square regions of size 12a ∼ 29 μm. These
measurements correspond to an experiment where a solid
jam coexists with a homogeneous polar liquid. ν0ðϕÞ hardly
varies at the smallest densities and sharply drops towards
ν0ðϕÞ ¼ 0 when the local fraction ϕðr; tÞ exceeds ∼0.35.
Although we cannot positively identify the microscopic
origin of this abrupt slowing-down, we detail a possible
explanation in Appendix A. Simply put, the lubrication
interactions between nearby colloids with collinear polar-
izations result in the reduction of their rotation rate, which
ultimately vanishes at contact: near-field hydrodynamic
interactions frustrate self-propulsion. Instead of elaborating
a microscopic theory specific to colloidal rollers as in
Ref. [10], we instead adopt a generic hydrodynamic
description to account for all our experimental findings.
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FIG. 3. Active solidification is a first-order phase separation. (a) Solid jams in a racetrack at ϕ0 ¼ 0.38, 0.58, 0.65. Increasing the
average packing fraction, the extent of the active solid increases. (b) Solid fraction plotted versus the average packing fraction ϕ0. Note
the discontinuous jump and the two possible states at the onset of solidification. (c) Density of the polar-liquid phase (blue circles) and of
the active-solid phase (red circles) plotted versus ϕ0. In steady state, the liquid density increases with ϕ0 until an active solid forms, the
density in both phases then remains constant. In (b) and (c) the shaded regions indicate the coexistence between the polar-liquid and
active-solid phases. (d) Coarsening dynamics. Two solid jams coexist only over a finite time period. The larger jam (filled symbols)
shrinks and eventually vanishes in favor of the smaller one (open symbols). The total fraction of solid phase in the racetrack (black line)
remains constant over time. (e) Solid fraction (blue line) and magnitude of the electric field (red line) plotted versus time. Over a range of
E0 values, the active-solid fraction is different when increasing or decreasing the electric field. (f) The extent of the traffic jam follows a
hysteresis loop when cycling the field amplitude.
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I. EXPERIMENTAL METHODS

A. Quincke rollers experiments.

The experimental setup was described in [1, 2]. In short, we use polystyrene colloids of radius 2.4 µm (Thermo
Scientific G0500) dispersed in a solution of hexadecane including 5.5⇥10

�2 wt % of AOT salt (Dioctyl sulfosuccinate
sodium salt). The microfluidic devices are made of two electrodes spaced by a 25-µm-thick double-sided tape. We
pattern the bottom surface of the device with channel networks. They are made of a 2-µm-thick layer of insulating
photoresist resin (Microposit S1818) patterned by means of standard UV lithography as explained in [1]. In all our
experiments the networks have the shape of a honeycomb structure, see Fig. S1a. The width of the channels is
200 µm and we vary their lengths from 120 µm to 220 µm. The overall size of the channel network is in the order of
1.5⇥ 1.5 cm

2.
The electrodes are glass slides coated with ITO (indium tin oxide, Solems, ITOSOL30, thickness 80 nm). We start

the experiments by filling the microfluidic chambers homogeneously with the colloidal solution, we then let the colloids
sediment on the bottom electrode. The average packing fraction of the colloidal monolayer is approximately equal to
30% in all our experiments. We operate at this packing fraction to make sure that our active fluid remains in the
polar-liquid state, far from the flocking-transition threshold (approximately equal to 0.1%) [3]. We then apply a DC
voltage of 110 V to trigger the Quincke instability and cause the colloids to roll at a constant speed v0 ⇡ 0.8 mm.s

�1

on the bottom electrode. Each experiment is repeated from six to ten times.

B. Impact of the node geometry on the emergent flow patterns

We use two different designs for the nodes of the network. The first design is a simple junction between three
straight channels, whereas the second design includes a flow splitter at each node, Fig. S1a. Our results do not
qualitatively depend on the specific geometry of the nodes: the streamlines form self-avoiding loops, Fig. S1b, and
the fraction of ferromagnetic couplings increases with the aspect ratio of the channels, Fig. S1c. However, including
flow-splitters results in more homogenous fluid flows, Fig. S1d, and reduce the crossings between the streamlines, see
Figs. S1b. In the main text, all the results correspond to the splitter geometry.

FIG. S1. (a) Zoom on the two junctions geometries. Top: simple trivalent junction. Bottom: trivalent junction with a splitter.
(b) Top: streamlines in a networks with simple trivalent nodes. ✏ = 0.7. Bottom: streamlines in a networks with splitters.
✏ = 0.7. Streamlines form self avoiding loops, but splitters forbid crossings between streamlines. (c) Fraction of parallel
couplings for simple nodes (top) and for nodes with splitters (bottom). (d) Distribution of the average density in channels.
Top : simple nodes, ✏ = 0.84. Bottom: nodes with splitters, ✏ = 0.84. (e) Distribution of the average current in channels.Top
: simple nodes, ✏ = 0.84. Bottom: nodes with splitters, ✏ = 0.84.
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straight channels, whereas the second design includes a flow splitter at each node, Fig. S1a. Our results do not
qualitatively depend on the specific geometry of the nodes: the streamlines form self-avoiding loops, Fig. S1b, and
the fraction of ferromagnetic couplings increases with the aspect ratio of the channels, Fig. S1c. However, including
flow-splitters results in more homogenous fluid flows, Fig. S1d, and reduce the crossings between the streamlines, see
Figs. S1b. In the main text, all the results correspond to the splitter geometry.

FIG. S1. (a) Zoom on the two junctions geometries. Top: simple trivalent junction. Bottom: trivalent junction with a splitter.
(b) Top: streamlines in a networks with simple trivalent nodes. ✏ = 0.7. Bottom: streamlines in a networks with splitters.
✏ = 0.7. Streamlines form self avoiding loops, but splitters forbid crossings between streamlines. (c) Fraction of parallel
couplings for simple nodes (top) and for nodes with splitters (bottom). (d) Distribution of the average density in channels.
Top : simple nodes, ✏ = 0.84. Bottom: nodes with splitters, ✏ = 0.84. (e) Distribution of the average current in channels.Top
: simple nodes, ✏ = 0.84. Bottom: nodes with splitters, ✏ = 0.84.
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FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
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color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
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of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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FIG. 4. Orientational interactions between adjacent streamlines and topological defect fractionalization. (a)

Closeup on the flow field in two adjacent streamlines separated by a channel that supports no net flux. Below ✏? the central
channel hosts a single vortex. Above ✏? the central channel hosts two vortices. They can either rotate in the same or opposite
directions. When they rotate in the same direction, the flow field includes a �1 topological charge separating the two +1 charges
at the center of the vortices. Conversely, when the two vortices rotate in opposite directions the �1 charge is fractionalized
into two �1/2 defects bound to the channel walls. (b) Fraction of parallel contacts across each channel supporting no net flow
plotted against the aspect ratio ✏. ✏ is defined in Fig. 1 for the experiments, and is given by the ratio between the length and
the width of the anisotropic simulation boxes. The fraction of parallel contacts is equal to 1

2 (1 + �1�2), where �1�2 = 1 when
the two vertical flows are along the same direction and �1 otherwise. The flow couplings are mostly antiparallel below ✏? and
mostly parallel above ✏?. (c) Numerical resolution of the Toner-Tu equations in cigar-shaped boxes, see SI for details about
the numerical method and material parameters. We denote w the width of the box, ` the length of the straight line joining the
half-circles, the aspect ratio of the boxes is defined by ✏ = `/w. In agreement with what we observe in b, increasing the aspect
ratio of the anisotropic box result in a transition form a flow field with a single +1 topological charge to flow fields including two
vortices, which can be either separated by a single +1 defect or two fractionalized �1/2 defects bound to the walls to conserve
the overall topological charge. (d) Repeating the same simulation with random initial conditions we find that the steady states
where the rightmost (v2) and leftmost (v1) flows are parallel prevail in boxes with large aspect ratios. In other words the
transition from antiparallel to parallel contacts in our experiments are not specific to colloidal rollers but generic to flocking
matter (i.e Toner-Tu fluids). (e) Close-up on the experimental streamlines measured in a channel where ✏ < ✏?. Close-up on
the experimental streamlines measured in a channel where ✏ > ✏?. Orange : streamline loops flowing in the clockwise direction,
purple : streamline loops flowing in the counterclockwise direction. The green arrow indicates the local orientation of the flows.
The streamlines are crumpled and segregated. The antiparallel couplings between adjacent streamlines promote this geometry.
(f) Same as in (e) for ✏ > ✏?. The streamlines are persistent and nested. The parallel couplings between adjacent streamlines
promote this geometry.

spin-ice rule imposed by mass conservation (Law iii). We
then compare the equilibrium states to our experimen-
tal measurements in Fig. 3b. The excellent agreement
between the computed and measured streamline geome-
tries confirms the predictive power of our active hydraulic
laws.

We can now gain a deeper insight by exploiting quan-
titative analogies with a series of statistical field theories
that were hitherto unrelated to any experimental system.
Let us first discuss he limit of strong parallel interactions
(JC � 0), which is the most complex to analyze. This
difficulty stems from the subexetensive degeneracy of the
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Viscous flows are laminar and deterministic. Robust linear laws accurately predict their stream-
lines in structures as complex as blood vessels, porous media and pipes networks. However, biologi-
cal and synthetic active fluids defy these fundamental laws. Irrespective of their microscopic origin,
confined active flows are intrinsically bistable, and therefore non-linear. As a consequence, their
emergent patterns in channel networks are out of reach of available theories, and lack quantitative
experiments. Here, we lay out the basic laws of active hydraulics. We show that active hydraulic
flows are non-deterministic and yield degenerate streamline patterns ruled by frustration at nodes
with an odd coordination number. More precisely, colloidal-roller experiments in trivalent networks
reveal how active-hydraulic flows realize dynamical spin ices. The resulting streamline patterns split
into two distinct classes of self-similar loops, which reflect the fractionalization of topological defects
at the subchannel scales. Informed by our measurements, we formulate the laws of active hydraulics
as a double spin model. A series of mappings on loop O(n) models then allow us to exactly predict
the geometry of the degenerate streamlines. We expect our fundamental understanding to provide
robust design rules for active microfluidic devices, and to offer unanticipated avenues to understand
the motion of living cells and organisms in complex habitats.

When they invented irrigation, the ancient civilizations
of Egypt and Mesopotamia relied on the first fundamen-
tal rule of hydraulics: mass conservation [1]. In our mod-
ern language we formulate it as the first Kirchhoff’s law.
In steady state, the sum of the fluxes vanishes at each
node of a channel network (

P
j �ij = 0, where �ij is the

flux from node j to node i). It is only eight millennia
later, that Hagen, Poiseuille and Darcy discovered the
second law of hydraulics [2–4]. Darcy’s law relates the
mass fluxes to pressure gradients: �ij = �Kij(Pi � Pj),
where Pi is the fluid pressure and Kij the hydraulic con-
ductance. Given these two linear laws, and a set of
boundary conditions, we can predict the viscous flows of
any hydraulic network, regardless of its geometrical com-
plexity. Although it can be computationally challenging
to solve and optimize, viscous hydraulics is deterministic
and fully predictable.

However, over the past decade physicists, chemists and
material scientists have complexified this neat picture.
They engineered active fluids that escapes the fundamen-
tal laws of hydraulics [5]. Either by hacking biological
engines, such as molecular motors and bacteria, or by
motorizing synthetic soft materials, we have learned how
to power fluids at the scale of their elementary building
blocks. When confined, the resulting active materials en-
joy spontaneous laminar flows even in the absence of any
external drive or boundary motion [6–12]. In channels
and pipes, active fluids flow in one direction or the other
with the same probability, and can even resist opposing
pressure gradients [13]. In other words, they are intrin-
sically bistable [9, 13, 14]. This fundamental deviation
from Darcy’s law makes active hydraulics a challenging
problem whose basic laws are yet to be determined.

From an experimental perspective, active hydraulics
has been mostly restricted to straight channel geometries
and closed loops [7, 9, 15]. To the best of our knowledge,

the investigation of interconnected channel networks has
remained limited to pioneering experimental demonstra-
tions in simple one-node networks [9]. More significant
progress have been made on the theory front, in par-
ticular by Dunkel, Woodhouse and coworkers, who real-
ized the computational power of Active Fluidic Networks
(AFN) and their dynamical multistability [14, 16–18].

In this article, we perform large-scale active hydraulics
experiments. We show that spontaneous laminar flows
are frustrated in networks including nodes with an odd
coordination number. Focusing on fully frustrated net-
works, we show that the resulting active flows realize dy-
namical spin ices with extensively degenerate flow pat-
terns. We show that unlike passive fluids, the random
streamline geometry depends on the aspect ratio of the
elementary channels. We explain this polymorphism by
combining experiments and numerical simulations, and
show that it originates from topological-defect fraction-
alization at the subchannel level. We then elucidate the
self-similar geometry of the flow patterns by mapping
them on the frustrated structures of magnetic spin ices,
and of the so-called loop O(n) models [19–22]. Altogether
our findings allow us to identify the full set of laws rul-
ing the steady flows of active matter circulating through
interconnected channels networks.

To tackle the problem of active hydraulics experimen-
tally, we need a model active fluid, and model hydraulic
networks, see Fig. 1. We provide all the technical details
about our experiments in the Method section. In short,
our active fluid is a flocking liquid assembled from col-
loidal Quincke rollers [6], which features bistable laminar
flows in straight channels [13]. Here, we confine the roller
fluid in networks of channels. They form a honeycomb
structure, which includes up to 3,200 trivalent nodes as
illustrated in Fig. 1a. In their pioneering experiments
Wioland et al. showed that active flows can strongly de-
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for degree-3-vertex graphs. However the loops’ morphol-
ogy strongly depends on the aspect ratio of the channels
✏, Figs. 3a. Obviously, this polymorphism cannot be ex-
plained by the sole spin-ice rule of Fig. 1g which is agnos-
tic to the channel lengths. To gain more insight on the
origin of streamline patterns, we quantitatively charac-
terize the loops’ geometry. Whatever the channel aspect
ratios, the loops are self-similar: their gyration radius
Rg grows algebraically with their length L, Fig. 3b. For
small ✏ values, the loops are collapsed and segregated, by
contrast, when ✏ is large, the streamlines are more per-
sistent and form nested structures. We quantify these
observations by plotting the exponent ⌫ of the gyration
radius and see that it undergoes a sharp increase when ✏

exceeds ✏
? = 0.8, Fig. 3c.

The transition from segregated to nested loops occurs
at the same value ✏

?. To see this, we classically identify
the orientated streamlines with the contour lines of the
height fields h of rough landscapes [26]. We show in
Fig. 3a the corresponding topographic maps of h, see also
Methods. We then quantify the level of nesting by the
maximal height difference �h which increases sharply at
✏
?, Fig. 3b.
These observations prompt us to investigate deeper the

orientational interactions between the streamlines. To
do so, we measure the fraction of parallel configurations
when two adjacent streamlines are separated by a channel
supporting no net flux, Fig. 4b. To measure this quantity
we note that it is given by h1 + �1�2i/2 where the spin
variables �i measure the handedness of the vertices see
Fig. 1g and Fig. 4a.

Fig. 4b shows that antiparallel contacts (�1�2 = �1)
prevail when ✏ < ✏

?, whereas most of the contacts are
parallel (�1�2 = +1) when ✏ > ✏

?. This central result
indicates that active hydraulic flows are not only shaped
by the spin-ice rules but also by short-range orientational
interactions between adjacent streamlines. To elucidate
their nature, we investigate the morphology of the vor-
tical flows at the subchannel scale, Fig. 4a. We find a
clear structural change at ✏

?. Below ✏
?, the channels

with no net flux (�e = 0) host a single vortex. This vor-
tex couples the adjacent channels as a gear would couple
two circulators. The continuity of the flow field then fa-
vors antiparallel couplings between neighboring stream-
lines. This short range coupling is consistent with col-
lapsed streamline loops including a number of hairpins,
see Fig. 4e.

The situation where ✏ > ✏
? is more subtle. We find that

the zero-flux channels host two vortices, Fig. 4a. In most
channels, they rotate in opposite directions, Fig. 4b. The
continuity of the flow field therefore promotes parallel
couplings, which explains the emergence of nested struc-
ture of the streamlines as clearly seen in Fig 4f. However
in Fig. 4a we can also see configurations with two co-
rotating vortices which promote antiparallel couplings.
We now need to understand whether the dominance of
counter-rotating vortices is specific to our experiments,
or generic to polar active fluids. We address this ques-

tion numerically. We model the active flows using Toner-
Tu hydrodynamics of polar active matter [27, 28], and
solve these generic equations using a finite element solver,
see Methods. We consider the simple geometry of an
anisotropic cigar-shaped chamber with tangent bound-
ary conditions, see Figs. 4c. A systematic investigation
would go beyond the scope of this article, we therefore fo-
cus on a single set of material parameters consistent with
earlier measurements in Quincke-roller fluids [29, 30]. As
the channel aspect ratio increases, we observe a clear
transition between one-vortex and two-vortex configura-
tions. As a vortex hosts a +1 topological charge, when
two vortices are present, an additional �1 topological de-
fect must coexist with them to conserve the overall +1
topological charge [30]. Remarkably, we find that the
most likely configuration does not correspond to the co-
existence of +1 and �1 charges, Fig 4d. By contrast,
we observe a fractionalization of the �1 charge into two
�1/2 singularities, Fig 4c. The fractional charges are
stuck on the long channel walls and stabilize the counter-
rotation of the two +1 vortices. This numerical result
is in excellent agreement with our experimental findings
Fig 4a. We therefore conclude that the prevalence of
parallel couplings between the macroscopic streamlines
(Fig. 4b) originates from defect fractionalization in the
flow field, and does not rely on the specifics of Quincke
rollers.

We are now equipped to state the laws of active hy-
draulics and map them on a double spin model: (i) The
currents �e on the edges e = {i, j} can only take three
values: �1, 0,+1. It is a classical spin-1 variable. (ii) The
stability of the laminar active flows in confined geometry
penalizes the �e = 0 state. (iii) In steady state, mass
conservation imposes the spin-ice constraint

P
j �ij = 0

which frustrates (ii) at all nodes having an odd coordina-
tion number, Fig. 1g. (iv) Finally, the aspect ratio of the
channels results in effective (anti)ferromagnetic interac-
tions between adjacent streamlines.

To express these four elementary laws in more quanti-
tative terms, we identify the streamlines with the equi-
librium configurations of an effective Hamiltonian H that
couples two spin variables: �e = ±1, 0 , and �i = ±1, 0
which defines the handedness of the i

th node (see Fig. 1g
and caption):

H = �JA

X

hi,ji

�2
ij � JC

X

hi,ji

��ij ,0�i�j . (1)

The first term reflects the activity of the fluid. JA is a
positive constant, which penalizes the states of vanishing
flows (Law ii). The second term reflects the orientational
interactions between adjacent streamlines (Law iv). JC

is a proxy for the channel aspect ratio: JC < 0 corre-
sponds to antiparallel couplings, i.e. to channels where
✏ < ✏

?, conversely JC > 0 corresponds to parallel cou-
plings, i.e. to channels where ✏ > ✏

?, see Figs. 4a, 4e and
4f. We stress that JC only couples vertices connected by
channels that support no net flux. We minimize H using
a Monte Carlo worm algorithm [31] which enforces the

Node handedness σi = ± 1,0
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for degree-3-vertex graphs. However the loops’ morphol-
ogy strongly depends on the aspect ratio of the channels
✏, Figs. 3a. Obviously, this polymorphism cannot be ex-
plained by the sole spin-ice rule of Fig. 1g which is agnos-
tic to the channel lengths. To gain more insight on the
origin of streamline patterns, we quantitatively charac-
terize the loops’ geometry. Whatever the channel aspect
ratios, the loops are self-similar: their gyration radius
Rg grows algebraically with their length L, Fig. 3b. For
small ✏ values, the loops are collapsed and segregated, by
contrast, when ✏ is large, the streamlines are more per-
sistent and form nested structures. We quantify these
observations by plotting the exponent ⌫ of the gyration
radius and see that it undergoes a sharp increase when ✏

exceeds ✏
? = 0.8, Fig. 3c.

The transition from segregated to nested loops occurs
at the same value ✏

?. To see this, we classically identify
the orientated streamlines with the contour lines of the
height fields h of rough landscapes [26]. We show in
Fig. 3a the corresponding topographic maps of h, see also
Methods. We then quantify the level of nesting by the
maximal height difference �h which increases sharply at
✏
?, Fig. 3b.
These observations prompt us to investigate deeper the

orientational interactions between the streamlines. To
do so, we measure the fraction of parallel configurations
when two adjacent streamlines are separated by a channel
supporting no net flux, Fig. 4b. To measure this quantity
we note that it is given by h1 + �1�2i/2 where the spin
variables �i measure the handedness of the vertices see
Fig. 1g and Fig. 4a.

Fig. 4b shows that antiparallel contacts (�1�2 = �1)
prevail when ✏ < ✏

?, whereas most of the contacts are
parallel (�1�2 = +1) when ✏ > ✏

?. This central result
indicates that active hydraulic flows are not only shaped
by the spin-ice rules but also by short-range orientational
interactions between adjacent streamlines. To elucidate
their nature, we investigate the morphology of the vor-
tical flows at the subchannel scale, Fig. 4a. We find a
clear structural change at ✏

?. Below ✏
?, the channels

with no net flux (�e = 0) host a single vortex. This vor-
tex couples the adjacent channels as a gear would couple
two circulators. The continuity of the flow field then fa-
vors antiparallel couplings between neighboring stream-
lines. This short range coupling is consistent with col-
lapsed streamline loops including a number of hairpins,
see Fig. 4e.

The situation where ✏ > ✏
? is more subtle. We find that

the zero-flux channels host two vortices, Fig. 4a. In most
channels, they rotate in opposite directions, Fig. 4b. The
continuity of the flow field therefore promotes parallel
couplings, which explains the emergence of nested struc-
ture of the streamlines as clearly seen in Fig 4f. However
in Fig. 4a we can also see configurations with two co-
rotating vortices which promote antiparallel couplings.
We now need to understand whether the dominance of
counter-rotating vortices is specific to our experiments,
or generic to polar active fluids. We address this ques-

tion numerically. We model the active flows using Toner-
Tu hydrodynamics of polar active matter [27, 28], and
solve these generic equations using a finite element solver,
see Methods. We consider the simple geometry of an
anisotropic cigar-shaped chamber with tangent bound-
ary conditions, see Figs. 4c. A systematic investigation
would go beyond the scope of this article, we therefore fo-
cus on a single set of material parameters consistent with
earlier measurements in Quincke-roller fluids [29, 30]. As
the channel aspect ratio increases, we observe a clear
transition between one-vortex and two-vortex configura-
tions. As a vortex hosts a +1 topological charge, when
two vortices are present, an additional �1 topological de-
fect must coexist with them to conserve the overall +1
topological charge [30]. Remarkably, we find that the
most likely configuration does not correspond to the co-
existence of +1 and �1 charges, Fig 4d. By contrast,
we observe a fractionalization of the �1 charge into two
�1/2 singularities, Fig 4c. The fractional charges are
stuck on the long channel walls and stabilize the counter-
rotation of the two +1 vortices. This numerical result
is in excellent agreement with our experimental findings
Fig 4a. We therefore conclude that the prevalence of
parallel couplings between the macroscopic streamlines
(Fig. 4b) originates from defect fractionalization in the
flow field, and does not rely on the specifics of Quincke
rollers.

We are now equipped to state the laws of active hy-
draulics and map them on a double spin model: (i) The
currents �e on the edges e = {i, j} can only take three
values: �1, 0,+1. It is a classical spin-1 variable. (ii) The
stability of the laminar active flows in confined geometry
penalizes the �e = 0 state. (iii) In steady state, mass
conservation imposes the spin-ice constraint

P
j �ij = 0

which frustrates (ii) at all nodes having an odd coordina-
tion number, Fig. 1g. (iv) Finally, the aspect ratio of the
channels results in effective (anti)ferromagnetic interac-
tions between adjacent streamlines.

To express these four elementary laws in more quanti-
tative terms, we identify the streamlines with the equi-
librium configurations of an effective Hamiltonian H that
couples two spin variables: �e = ±1, 0 , and �i = ±1, 0
which defines the handedness of the i

th node (see Fig. 1g
and caption):

H = �JA

X

hi,ji

�2
ij � JC

X

hi,ji

��ij ,0�i�j . (1)

The first term reflects the activity of the fluid. JA is a
positive constant, which penalizes the states of vanishing
flows (Law ii). The second term reflects the orientational
interactions between adjacent streamlines (Law iv). JC

is a proxy for the channel aspect ratio: JC < 0 corre-
sponds to antiparallel couplings, i.e. to channels where
✏ < ✏

?, conversely JC > 0 corresponds to parallel cou-
plings, i.e. to channels where ✏ > ✏

?, see Figs. 4a, 4e and
4f. We stress that JC only couples vertices connected by
channels that support no net flux. We minimize H using
a Monte Carlo worm algorithm [31] which enforces the
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✏, Figs. 3a. Obviously, this polymorphism cannot be ex-
plained by the sole spin-ice rule of Fig. 1g which is agnos-
tic to the channel lengths. To gain more insight on the
origin of streamline patterns, we quantitatively charac-
terize the loops’ geometry. Whatever the channel aspect
ratios, the loops are self-similar: their gyration radius
Rg grows algebraically with their length L, Fig. 3b. For
small ✏ values, the loops are collapsed and segregated, by
contrast, when ✏ is large, the streamlines are more per-
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observations by plotting the exponent ⌫ of the gyration
radius and see that it undergoes a sharp increase when ✏
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height fields h of rough landscapes [26]. We show in
Fig. 3a the corresponding topographic maps of h, see also
Methods. We then quantify the level of nesting by the
maximal height difference �h which increases sharply at
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do so, we measure the fraction of parallel configurations
when two adjacent streamlines are separated by a channel
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we note that it is given by h1 + �1�2i/2 where the spin
variables �i measure the handedness of the vertices see
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?, whereas most of the contacts are
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?. This central result
indicates that active hydraulic flows are not only shaped
by the spin-ice rules but also by short-range orientational
interactions between adjacent streamlines. To elucidate
their nature, we investigate the morphology of the vor-
tical flows at the subchannel scale, Fig. 4a. We find a
clear structural change at ✏

?. Below ✏
?, the channels

with no net flux (�e = 0) host a single vortex. This vor-
tex couples the adjacent channels as a gear would couple
two circulators. The continuity of the flow field then fa-
vors antiparallel couplings between neighboring stream-
lines. This short range coupling is consistent with col-
lapsed streamline loops including a number of hairpins,
see Fig. 4e.

The situation where ✏ > ✏
? is more subtle. We find that

the zero-flux channels host two vortices, Fig. 4a. In most
channels, they rotate in opposite directions, Fig. 4b. The
continuity of the flow field therefore promotes parallel
couplings, which explains the emergence of nested struc-
ture of the streamlines as clearly seen in Fig 4f. However
in Fig. 4a we can also see configurations with two co-
rotating vortices which promote antiparallel couplings.
We now need to understand whether the dominance of
counter-rotating vortices is specific to our experiments,
or generic to polar active fluids. We address this ques-

tion numerically. We model the active flows using Toner-
Tu hydrodynamics of polar active matter [27, 28], and
solve these generic equations using a finite element solver,
see Methods. We consider the simple geometry of an
anisotropic cigar-shaped chamber with tangent bound-
ary conditions, see Figs. 4c. A systematic investigation
would go beyond the scope of this article, we therefore fo-
cus on a single set of material parameters consistent with
earlier measurements in Quincke-roller fluids [29, 30]. As
the channel aspect ratio increases, we observe a clear
transition between one-vortex and two-vortex configura-
tions. As a vortex hosts a +1 topological charge, when
two vortices are present, an additional �1 topological de-
fect must coexist with them to conserve the overall +1
topological charge [30]. Remarkably, we find that the
most likely configuration does not correspond to the co-
existence of +1 and �1 charges, Fig 4d. By contrast,
we observe a fractionalization of the �1 charge into two
�1/2 singularities, Fig 4c. The fractional charges are
stuck on the long channel walls and stabilize the counter-
rotation of the two +1 vortices. This numerical result
is in excellent agreement with our experimental findings
Fig 4a. We therefore conclude that the prevalence of
parallel couplings between the macroscopic streamlines
(Fig. 4b) originates from defect fractionalization in the
flow field, and does not rely on the specifics of Quincke
rollers.

We are now equipped to state the laws of active hy-
draulics and map them on a double spin model: (i) The
currents �e on the edges e = {i, j} can only take three
values: �1, 0,+1. It is a classical spin-1 variable. (ii) The
stability of the laminar active flows in confined geometry
penalizes the �e = 0 state. (iii) In steady state, mass
conservation imposes the spin-ice constraint

P
j �ij = 0

which frustrates (ii) at all nodes having an odd coordina-
tion number, Fig. 1g. (iv) Finally, the aspect ratio of the
channels results in effective (anti)ferromagnetic interac-
tions between adjacent streamlines.

To express these four elementary laws in more quanti-
tative terms, we identify the streamlines with the equi-
librium configurations of an effective Hamiltonian H that
couples two spin variables: �e = ±1, 0 , and �i = ±1, 0
which defines the handedness of the i

th node (see Fig. 1g
and caption):

H = �JA

X

hi,ji
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ij � JC

X

hi,ji

��ij ,0�i�j . (1)

The first term reflects the activity of the fluid. JA is a
positive constant, which penalizes the states of vanishing
flows (Law ii). The second term reflects the orientational
interactions between adjacent streamlines (Law iv). JC

is a proxy for the channel aspect ratio: JC < 0 corre-
sponds to antiparallel couplings, i.e. to channels where
✏ < ✏

?, conversely JC > 0 corresponds to parallel cou-
plings, i.e. to channels where ✏ > ✏

?, see Figs. 4a, 4e and
4f. We stress that JC only couples vertices connected by
channels that support no net flux. We minimize H using
a Monte Carlo worm algorithm [31] which enforces the
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Viscous flows are laminar and deterministic. Robust linear laws accurately predict their stream-
lines in structures as complex as blood vessels, porous media and pipes networks. However, biologi-
cal and synthetic active fluids defy these fundamental laws. Irrespective of their microscopic origin,
confined active flows are intrinsically bistable, and therefore non-linear. As a consequence, their
emergent patterns in channel networks are out of reach of available theories, and lack quantitative
experiments. Here, we lay out the basic laws of active hydraulics. We show that active hydraulic
flows are non-deterministic and yield degenerate streamline patterns ruled by frustration at nodes
with an odd coordination number. More precisely, colloidal-roller experiments in trivalent networks
reveal how active-hydraulic flows realize dynamical spin ices. The resulting streamline patterns split
into two distinct classes of self-similar loops, which reflect the fractionalization of topological defects
at the subchannel scales. Informed by our measurements, we formulate the laws of active hydraulics
as a double spin model. A series of mappings on loop O(n) models then allow us to exactly predict
the geometry of the degenerate streamlines. We expect our fundamental understanding to provide
robust design rules for active microfluidic devices, and to offer unanticipated avenues to understand
the motion of living cells and organisms in complex habitats.

When they invented irrigation, the ancient civilizations
of Egypt and Mesopotamia relied on the first fundamen-
tal rule of hydraulics: mass conservation [1]. In our mod-
ern language we formulate it as the first Kirchhoff’s law.
In steady state, the sum of the fluxes vanishes at each
node of a channel network (

P
j �ij = 0, where �ij is the

flux from node j to node i). It is only eight millennia
later, that Hagen, Poiseuille and Darcy discovered the
second law of hydraulics [2–4]. Darcy’s law relates the
mass fluxes to pressure gradients: �ij = �Kij(Pi � Pj),
where Pi is the fluid pressure and Kij the hydraulic con-
ductance. Given these two linear laws, and a set of
boundary conditions, we can predict the viscous flows of
any hydraulic network, regardless of its geometrical com-
plexity. Although it can be computationally challenging
to solve and optimize, viscous hydraulics is deterministic
and fully predictable.

However, over the past decade physicists, chemists and
material scientists have complexified this neat picture.
They engineered active fluids that escapes the fundamen-
tal laws of hydraulics [5]. Either by hacking biological
engines, such as molecular motors and bacteria, or by
motorizing synthetic soft materials, we have learned how
to power fluids at the scale of their elementary building
blocks. When confined, the resulting active materials en-
joy spontaneous laminar flows even in the absence of any
external drive or boundary motion [6–12]. In channels
and pipes, active fluids flow in one direction or the other
with the same probability, and can even resist opposing
pressure gradients [13]. In other words, they are intrin-
sically bistable [9, 13, 14]. This fundamental deviation
from Darcy’s law makes active hydraulics a challenging
problem whose basic laws are yet to be determined.

From an experimental perspective, active hydraulics
has been mostly restricted to straight channel geometries
and closed loops [7, 9, 15]. To the best of our knowledge,

the investigation of interconnected channel networks has
remained limited to pioneering experimental demonstra-
tions in simple one-node networks [9]. More significant
progress have been made on the theory front, in par-
ticular by Dunkel, Woodhouse and coworkers, who real-
ized the computational power of Active Fluidic Networks
(AFN) and their dynamical multistability [14, 16–18].

In this article, we perform large-scale active hydraulics
experiments. We show that spontaneous laminar flows
are frustrated in networks including nodes with an odd
coordination number. Focusing on fully frustrated net-
works, we show that the resulting active flows realize dy-
namical spin ices with extensively degenerate flow pat-
terns. We show that unlike passive fluids, the random
streamline geometry depends on the aspect ratio of the
elementary channels. We explain this polymorphism by
combining experiments and numerical simulations, and
show that it originates from topological-defect fraction-
alization at the subchannel level. We then elucidate the
self-similar geometry of the flow patterns by mapping
them on the frustrated structures of magnetic spin ices,
and of the so-called loop O(n) models [19–22]. Altogether
our findings allow us to identify the full set of laws rul-
ing the steady flows of active matter circulating through
interconnected channels networks.

To tackle the problem of active hydraulics experimen-
tally, we need a model active fluid, and model hydraulic
networks, see Fig. 1. We provide all the technical details
about our experiments in the Method section. In short,
our active fluid is a flocking liquid assembled from col-
loidal Quincke rollers [6], which features bistable laminar
flows in straight channels [13]. Here, we confine the roller
fluid in networks of channels. They form a honeycomb
structure, which includes up to 3,200 trivalent nodes as
illustrated in Fig. 1a. In their pioneering experiments
Wioland et al. showed that active flows can strongly de-
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FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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FIG. 3. Polymorphism of the streamlines. (a) Evolution of the streamline morphology with the channel aspect ratio. The
color indicates the flow direction along the loops (Orange: clockwise, purple: counterclockwise). Top row: Experiments. The
two set of streamline loops correspond to ✏ = 0.7 and ✏ = 1.1 respectively. Below ✏? = 0.8, the streamlines are crumpled and
segregated. By contrast, above ✏?, they form nested and persistent loop patterns. The two heat maps are the topographic map
of the same experiments. The local height field is defined as the sum of the winding numbers associated to all loops winding
around a given point in space, see Methods. Below ✏? the segregation of the streamlines translate in a two-level topography.
Conversely, above ✏? the map features high hills and deep valleys. Bottom row: Numerical simulations. Streamlines and
topographic maps predicted by the low energy configurations of the Hamiltonian defined by Eq. (1) for JC = �2 and JC = 2.
The qualitative agreement between the simulations and experiments confirm the relevance of our active-hydraulics laws. It also
shows that JC is a good proxy for the channel aspect ratio. (b) Characterization of the streamline geometries: experiments,
simulations and theory. All simulations are performed on a honeycomb graph having the same size and boundary conditions
as in the experiments. First column: For all values of ✏ (experiments), and JC (simulations), the gyration radius Rg grows
algebraically with the length of the streamline loops N : Rg ⇠ N⌫ . The dashed lines are the two theoretical predictions
detailed in SI based on loop O(n), and three-coloring models. Second column: Variations of ⌫ with ✏ (experiments) and JC

(simulations). Dashed-dotted line: exact prediction in the small JC and large JA limit (closely packed O(1) loop model).
Dashed line: exact prediction for JC = 0 and JA � 1 limit (closely packed O(2) loop model). Third column: Nesting level
quantified by the maximal height difference on the topographic maps (average over ten realizations). The nesting level jumps
at ✏ = ✏? (experiments), and JC = 0 (simulations) Fourth column: C(r) is the probability to find two nodes at a distance r
within the same loop. When ✏ > ✏? the correlation C(r) decays much faster than when ✏ < ✏?. The trend is even clearer in the
simulations, where the curves collapse on exponential and power law mastercurves. Dash-dotted line: Exact prediction in the
limit JC ⌧ 0, dashed line: exact prediction for JC = 0.
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<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="DIYJSQ1N/oXFDt9P4corUaSamUs="></latexit>

<latexit sha1_base64="WhZcLGAGc+ivFF6fX3gxhxK75NI="></latexit>

<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="8f/wcHoqSeqflu9KfHuFkED6RAU="></latexit>

<latexit sha1_base64="awNAYjCvMlaXaoXt8MRLbBS1/uc="></latexit>

Slow 1D longitudinal dynamics

<latexit sha1_base64="TZvdlikRKHFdrpkCwlWvYTEFpdY="></latexit>

<latexit sha1_base64="T7PeRHd9upLOCUMRrpA0Qw0+sDk="></latexit>

iω = − icqx − D0q2
x

Flow-speed damping  



<latexit sha1_base64="awNAYjCvMlaXaoXt8MRLbBS1/uc="></latexit>

Orientational fluctuations 

are overdamped

<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="DIYJSQ1N/oXFDt9P4corUaSamUs="></latexit>

<latexit sha1_base64="TLxSc9WWVAeZQHCNcmLtIdoxnWI="></latexit>

Orientational dynamics  



<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="gNLjBN52VbkmTw/gee6N0SIy/FI="></latexit>

<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="DIYJSQ1N/oXFDt9P4corUaSamUs="></latexit>

<latexit sha1_base64="TLxSc9WWVAeZQHCNcmLtIdoxnWI="></latexit>

<latexit sha1_base64="awNAYjCvMlaXaoXt8MRLbBS1/uc="></latexit>

Fast overdamped 2D dynamics
iω = − α0 − Dxq2

x − Dyq2
y

Orientational dynamics  



1) Static polarised crowds are homogeneous
<latexit sha1_base64="d+QYcGaoofe3PeTxWaaxHgY3l/A="></latexit>

4) Flow orientation: fast relation at all scales

<latexit sha1_base64="z/YrvzbM1JBq+09CKUmOLSm41eU="></latexit>

| ρ̃ |2

3) Flow speed: slow 1D dynamics, no intrinsic relaxation scale

<latexit sha1_base64="5fy0qsqcq625TVmNmmyN/VrgZc8="></latexit>

| ṽ |2

v
<latexit sha1_base64="FrrgK0sMrIiKtA8b7QW83RTC67Q="></latexit>

Polarized crowds  



No behavioral assumption

Conservation laws, symmetries  & phenomenology

Crowd hydrodynamics   



<latexit sha1_base64="iUKdfHQERJ8reD5qxW1dtFx2wRM="></latexit>

<latexit sha1_base64="O3MI3pXyepw8yxc9Q3udYz7BZo4="></latexit>

<latexit sha1_base64="81qOk2UqGXoL1iYoHu+Yc/pDje0="></latexit>

Simplifying observation
- People do not walk sideways

<latexit sha1_base64="SAzC2TPEPtbLNcuQWN5gp4Scejk="></latexit>

Density  Velocity  Polarization  

Three fields  



<latexit sha1_base64="9as/ZfhomaKM1L6RQXbptBP7cw8="></latexit>

Mass conservation:


Overdamped angular dynamic 

Momentum conservation:


⇢Dtv = r · � + Ff
<latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit>

<latexit sha1_base64="WH7/RVpzBp5oTg3KMr/q5jC0yOw="></latexit>

@tp = T

Conservation laws  



Momentum conservation:


⇢Dtv = r · � + Ff
<latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit><latexit sha1_base64="wBeSILx0L+9CuIBWh5mVDVVcNRc="></latexit>

� = �P (⇢) +O(r)
<latexit sha1_base64="/qUtfnna0aXMXS6BUCtdfUyUtm0="></latexit><latexit sha1_base64="/qUtfnna0aXMXS6BUCtdfUyUtm0="></latexit><latexit sha1_base64="/qUtfnna0aXMXS6BUCtdfUyUtm0="></latexit><latexit sha1_base64="/qUtfnna0aXMXS6BUCtdfUyUtm0="></latexit>

Pressure stress


r · � ⇠ ��r⇢
<latexit sha1_base64="I0EySlcKSCUls8Qtn2j40ulAJSQ="></latexit><latexit sha1_base64="I0EySlcKSCUls8Qtn2j40ulAJSQ="></latexit><latexit sha1_base64="I0EySlcKSCUls8Qtn2j40ulAJSQ="></latexit><latexit sha1_base64="I0EySlcKSCUls8Qtn2j40ulAJSQ="></latexit>

Linear response


Stress field  



Momentum conservation:


⇢Dtv = ��r⇢+ Ff
<latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit>

Friction Force


Body  force  



Body force  
Momentum conservation:


⇢Dtv = ��r⇢+ Ff
<latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit><latexit sha1_base64="MSBxhyy5/yqE0L3qu+jOWQM6Wi4="></latexit>

Ff = �� · (v � ⌫0p) +O(r)
<latexit sha1_base64="Y1NFRaCDP2kCiZIvVGBPyXj7QxI="></latexit><latexit sha1_base64="Y1NFRaCDP2kCiZIvVGBPyXj7QxI="></latexit><latexit sha1_base64="Y1NFRaCDP2kCiZIvVGBPyXj7QxI="></latexit><latexit sha1_base64="Y1NFRaCDP2kCiZIvVGBPyXj7QxI="></latexit>

Friction Force




Force Balance

<latexit sha1_base64="zx/hvVwFQtk3miMsIa01plmrUqA="></latexit>

<latexit sha1_base64="cdtlHxHXH/8Fm+dDEOrtTmDLVks="></latexit> <latexit sha1_base64="JuakAMyeFzDzMZz6cvUNTSIwgXY="></latexit>

v

(x
0 -

 x
) (

m
)

y (m)

(x
0 -

 x
) (

m
)

<latexit sha1_base64="5uQ2DgoTU4ddKKJWh62eHTCw/Zo="></latexit>

Constant & uniform density
<latexit sha1_base64="a3h4EUDYnNQ0MAO1V3KcZMLaons="></latexit>

ν0(ρ0) = 0

0 = ��r⇢+ ⌫0p
<latexit sha1_base64="olCSMiWj5XJYj/hoIWNGHiHrkuU="></latexit><latexit sha1_base64="olCSMiWj5XJYj/hoIWNGHiHrkuU="></latexit><latexit sha1_base64="olCSMiWj5XJYj/hoIWNGHiHrkuU="></latexit><latexit sha1_base64="olCSMiWj5XJYj/hoIWNGHiHrkuU="></latexit>

<latexit sha1_base64="oqbWXtbPGXotDXDkqbqf393Oj/Q="></latexit>

⇢(x)

<latexit sha1_base64="mqPhB1vRRtLiVkiQ5vcwFtnOq8k="></latexit>x

Crowd hydrostatics  



Angular dynamics Friction Torque

T = ��r(p� hx̂)

<latexit sha1_base64="zAQl5xcQiNORJgzbqyv9g9MpJns="></latexit><latexit sha1_base64="zAQl5xcQiNORJgzbqyv9g9MpJns="></latexit><latexit sha1_base64="zAQl5xcQiNORJgzbqyv9g9MpJns="></latexit><latexit sha1_base64="zAQl5xcQiNORJgzbqyv9g9MpJns="></latexit>

<latexit sha1_base64="Syo6GYDNHfeGmyIHKQ9hYbwTfto="></latexit>

<latexit sha1_base64="gNLjBN52VbkmTw/gee6N0SIy/FI="></latexit>

<latexit sha1_base64="WH7/RVpzBp5oTg3KMr/q5jC0yOw="></latexit>

@tp = T

Body torque  



<latexit sha1_base64="kOSCBFHNgV9i9+MF1PshTOXBjws="></latexit>

<latexit sha1_base64="+rWrZno+adbuE3RS3YwXQwN0DKs="></latexit>

Active friction
<latexit sha1_base64="oBNDHwQdPxQEq5Q6tFylUIvC62U="></latexit>

Compressibility

Polarized crowd hydrodynamics  



<latexit sha1_base64="kOSCBFHNgV9i9+MF1PshTOXBjws="></latexit>

Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Image	Landsat	/	Copernicus

Image	Landsat	/	Copernicus

Image	Landsat	/	Copernicus

Image	IBCAO

Image	IBCAO

Image	IBCAO

Image	U.S.	Geological	Survey

Image	U.S.	Geological	Survey

Image	U.S.	Geological	Survey

2017 Paris Marathon
2017 Chicago Marathon

2017 Peach Tree Road Race

2016 Chicago Marathon

2018 Chicago Marathon

Predictive  theory?  



Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Data	SIO,	NOAA,	U.S.	Navy,	NGA,	GEBCO

Image	Landsat	/	Copernicus

Image	Landsat	/	Copernicus

Image	Landsat	/	Copernicus

Image	IBCAO

Image	IBCAO

Image	IBCAO

Image	U.S.	Geological	Survey

Image	U.S.	Geological	Survey

Image	U.S.	Geological	Survey

Wave speed

<latexit sha1_base64="CRcAIE2Sx9SsYZBSM+DsELwBI9I="></latexit>

<latexit sha1_base64="Ux6Jl7Hs/Q4c2Qh31tvaoWRmp1s="></latexit>

2016 Chicago Marathon
2017 Chicago Marathon
2017 Paris Marathon
2017 Peach Tree Road Race

<latexit sha1_base64="2H/KEUeFJnxMyjjp1XvT0Ps1Zyg="></latexit>

<latexit sha1_base64="CRcAIE2Sx9SsYZBSM+DsELwBI9I="></latexit>

Diffusive damping

<latexit sha1_base64="nN/2tZE0gMa5HHmKY7bCCJtRpRk="></latexit>

<latexit sha1_base64="ANgM1TiAM63akvYBxM2/cHuvZmU="></latexit>

2018 Chicago Marathon

Predictive  theory  
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